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Abstract. In this paper, the authors establish some new Hadamard type inequalities using
elementary well-known inequalities for functions whose first derivatives absolute values
are geometrically and s-geometrically convex, which are given below respectively as

ey ) <[F (] [F (0]

and

F(xy)<[ 0] ()]

where f:lcR, >R, for some fixed se(0,1], x,yel <R, and te[0,1]. And some
applications to special means for positive numbers are given.
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1. Introduction

Let f:lcR—>R be a convex mapping defined on the interval | f real
numbers anda,b e I, witha <b. The following double inequalities:

f (a—;bjsﬁj" f (x)dx sw

hold. This double inequalities are known in the literature as the Hermite-Hadamard
inequality for convex functions.

In recent years many authors established several inequalities connected to this
fact. For recent results, refinements, counterparts, generalizations and new
Hermite-Hadamard type inequalities see [3-5,7,8,10].

In this section we will present definitions and some results used in this paper.
Definition 1. Let | be an interval in R. Then f:1 > R,@=1cR is said to be

convex if
f(tx+(1-t)y)<tf (x)+(1-t) f (y). 1)
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forall x,yel and te[0,1].
Definition 2. [6] Let se(0,1]. A function f:1 <R, =[0,0) > R, is said to be s-
convex in the second sense if

f(tx+(1-t)y)<tf (x)+(1-t)" f(y) 2)
forall x,yel and te[0,1].

It can be easily checked for s=1, s—convexity reduces to the ordinary convexity
of functions defined on [0,00).

Recently, [9], the concept of geometrically and s-geometrically convex
functions were introduced as follows.

Definition 3. [9], A function f:I cR, =(0,) >R, is said to be a geometrically
convex function if

f(xy=) <[] [f ()] ©
forall x,yel and te[0,1].

Definition 4. [9], A function f:R, — R is said to be a s—geometrically convex
function if

ey )<Leeol L] @
for some s (0,1], where x,y e 1 and te[0,1].

Ifs=1the s—geometrically convex function becomes a geometrically convex
functionon R, .

Example 1. [9],Let f(x)=x"/s, xe(0,1], 0<s<1, q>1, and then the function

[ (%) =xE8 ®)
is monotonically decreasing on (0,1]. For t [0,1], we have
(s-2)q(t*~t) <0, (s-1)a((1-t) -(2-1)} 0. (6)

Hence, |f'(x)|" is s—geometrically convex on (0,1] for 0<s<1.

2. Some Hadamard Type Inequalities

In order to prove our main theorems, we need the following lemma 1.
Lemma 1. [1], Let f: 1 cR—>R be a differentiable mapping on 1° where

a,bel with a < b. If f'eL[a,b], then the following equality holds:
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fa)+f(b) 1 v
5 —b_ajf(x)dx

[ 1+t

A simple proof of this equality can be also done integrating by parts in the right
hand side. The details are left to the interested reader.
Lemma2. [2], If 0<¢<1<y, O<a,B <1, then

¢ <¢” and u* < P’ (8)

The next theorems give a new result of the upper Hermite-Hadamard inequality for
s—geometrically convex functions.
In the following part of the paper;

-V

oz(u,v):|f'(a)u f'(b) ",u,v=0, 9)
% a=1
9:(2) = alnag-a+1 (10)
=T a#l,
(Ina)?
and
1 a=1
92(06) = {0! -1 (11)
— a =l
Ina

Theorem 1. Let f:1cR, >R, be differentiable mapping on 1°,abel with
a<b and f'is integrable on [a,b]. If |f/| is s—geometrically convex and
monotonically decreasing on [a,b]and s e (0,1], then the following inequality holds

f f(b 1 oo
I (a); ()—b_aLf(x)dx

bjTa|f'<a)f'(b)|3[91(“G ZB 91[ [;S%Sm

if 0<|f'(a)|,|f'(b)| <L

Lo |f<b>|{gl[ (23))afe( 2 —;m (12)

if [f'(b) <1<|f'(a),

bjTa|f'(a)f’(b)lz5s[91[ (Z ;j]*g( (23_75m

if 1< '(a)],| f'(b).

IA
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Proof. Since |f'| is an s—geometrically convex and monotonically decreasing on
[a,b],from Lemma 1 we get

fa)+f(b) 1

b
5 . aj f(x)dx‘
1
< b—""D|-t| (ﬂa —bj‘dt (ﬂb —a]

4 |9 2

1 1+t 1t 1+t 1
a|J[| ( b?a Z]dtl

0

2 b 2
1 2 \lz [ﬂjs [17[]5
j —t|f'(a)  |f'(b dt+j|t||f [t'(a)]  dt|.
0

:

dt+j|t|

By (8), when 0<|f’(a)],|f'(b)| <1, we get

|f(a)+f(b) 1J-
| b-a

S¥{!""'f'<a>|s(lef'<b>|5“?) o il oyl

boa, |5 () £1(b)[2
T|f (a) f'(b) hqm m‘ dt}

o

f(

a

5 1
' 2
a‘ dt+ [t
/b 9

=0 f'(b)|3(gl[a(g,g)}gl[a(‘fﬁgm,

when |f'(b)[<1<|f’(a)|, we get

[f@)+f() 1

| 2 T ajbf(x)dx
<2 Tl o e oo e
- ) f(b>|{: B %2 t+i|t|%‘zdt]

b-a
|

PR o)

(slel33))-sl33))

when 1<|f'(a)],|f'(b)|, we get
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f f(b 1 b
I (a)er ()—b_ajaf(x)dx

sl’jTaH|_t||f'(a)s(15t]“‘s f'(b)

s(lij-ﬂ—s
2

s(l—;jﬂ—s dt

f'(a)

{3 +j|t|| f'(b)
0

"(a)

[

_ %“’(a) f'(b)|25$[gl(aG%B*gl[“(_?s’_?SDj

which completes the proof.
Theorem 2. Let f:1cR, >R, be differentiable on 1°,a,bel, with a<b and

N
Nl
»

= %|f’(a) fr(b)| 2 %‘2 dt

st
0 1
dt+ [t
0

freL([ab]).If [f]" is s—geometrically convex and monotonically decreasing on
[a,b] for p,g>1and se(0,1], then

[f@+f) 1 j:f(x)dx

(b-a)
1 X
| 2 b-a

4(p+1)P°

(42 8 lace-2)f

if 0<|f'@)],|f'(b)| <L,

oitvod ofo( 23] slo(2 )|

it |f'(b)<1<|f'(a),

e [ofe(2.2)] oo 25

if 1<| f'(a)].| f'(b)]-

<

alr

where l+1:1.
P q

Proof. Since|f'|"is an s—geometrically convex and monotonically decreasing on
[a,b], from Lemma 1 and well-known Holder inequality, we have
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f@+f) 1
| 5 b—a-L (x)dx
< b-a j| | e L2 +—b dt+_[|t| 1Ltb+l;ta dt
2
b—al[® To[ 1 bt o1t é aF Lt o1t
<= Dtpdt jf{asz Dtpdt} flf bZaZJ
4 0 n 0 0
M 1 1
bea ||& (w1 ooy e
= T If’[azszdt +jf'[b2a2jdt
4(p+1° |L° T .
_1
<P [[1#@|* Teme)
ap+1)° |L°

By (8), when 0<|f'(

[f@+fb)

1

a)|,| f'(b)| <1, we get

| 2

4(p+1)

4(p+D°

4(p+D°

when |f'(b)[<1<|f/(

b-a

“mf (a)|sq |f (b)|“'( ]j

L@t o) |

Lt @t )

Lb f (x)dx

f'(@)|?

: dtJ o
)

f'(a)

i

1
a4 o
2
dt

E

a)|, we get

—Sg -S
oo

mf(bn )@l )) }

i

1

}+E{|f(b)| & JT ]

|
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|f(a)+f(b)_ 1
| 2 b-a

< bal[J(lful” IR

_[: f (x)dx

+ j(lf(b)l“‘ |f (a)ls‘*( *Jraa- S)jdt q]

1 1
%I q 1 ?t q
dt | + j dt
0

o [of(3 2] o2

A(p+1°
when 1<|f'(a)],|f'(b)|, we get

f+f) 1
I (a); ()_b—aLf(X)dX‘

N {
<
4(p+1)° {

1

=22 @ 2 ) [I

4(p+l)p

f'(a)
f'(b)

f'(b)

f'(a)

Uf (a)|sq{ ]+q(1 s) |f (b)|sq[ ]+q(1 s)jdt:|q

|::i(|f (b)|sq +q(1 s) |f (a)|sq[ ]+q(l s)jdt q]

ct—r

1

dt}q +{‘1'

_ sa sq))° -Sq =sa) ||
2o [oo(2.2)] o (22|
N L

which completes the proof.

Corollary 1. Let f:1<(0,0)—(0,) be differentiable on I°, a,bel witha<b
and f'e L([a,b]). If || is s—geometrically convex and monotonically

f'(b)

= @t |
4(p+1)° 0

1Oy [
f'(a)

decreasing on [a,b] for p,q>1 and se(0,1], then
i) When p=q=2, then one has
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f@+f) 1 o

| 2 b_a.[a f(X)dx‘:%“'(a)f'(b)|;(\/gz(a(s,s))+\/gz(a(_s,_s))),
where 0<|f'(a)[,|f'(b)| <1,
I f(a); f®) _biaj‘: f (x)dx‘
:%If'(a)mf'(b)ﬁ (o (@(5:9)) + g (a5,
where | f'(b)| <1<|f'(a)],

f@+f) 1 p boa., «.) il
‘#—EL f(X)dXZT\/g‘f (@) f'(b)| 2(\/92(05(8,5))+\/gz(a(—s,—s))),

where 1<|f’(a)|,|f'(b)|.
i) If we take s=1 in (13), we have

ol s[5 ol 2 )]

f@+f) 1 o
‘f b—aLf(X)dX

4(p+1)°
where 0<|f(a)],|f'(b)| <1.
Theorem 3. Let f:1cR, » R, be differentiable on 1°, a,bel, with a<b and
freL([ab]).If [f]" is s—geometrically convex and monotonically decreasing on
[a,b] for g>1and se(0,1], then

f f(b 1 b
I (a); ()—b_aj'af(x)dx

btz o)

if 0<|f'(a),|f'(b)| <1,

ror (lea )

it |f'(b)<1<|f'(a)],

o (a)f,(b)rs[ﬂ;{gl[a(ﬂ%mm:{gl[a[%q%qmﬂ

if 1<| f'(a)],| (b)),

N

where u = ‘%

10
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Proof. Since|f'|"is an s—geometrically convex and monotonically decreasing on
[a,b],from Lemma 1 and well-known Power mean inequality, we have
| f(a)+ f(b)

dt}

= _b_aL f(x)d

< b_{ﬂ_q [1“ J‘dt I

2T

(1+t —t ]
—Db+—a
2
1 1

t(a) 3] f’(b)q[%t]

23]

By (8), when 0<|f’(a)],|f'(b)| <1 we get

l;s q
2 dt

L@ L
: bjTa@q Dt (a7 (o)1) th +Ht (o5 (a5 dt}l

11
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when |f'(b)|<1<|f’(a)|, we get

f@+f) 1
‘72 b—a-[a f(x)dx

f '(a)sq[%‘)*““’” f '(b)s“[T]

1

1-t q
dt

1
q

o ]

1
1 sq q
f,(a)‘q(lfs) Itﬂ ztdt:’q}

1+t

+ﬁt f’(b)sq(T) f!(a)SQ[%‘]wu—s)

0

ST

Sb;a[%} q“ﬂz
1

b-a(1) 7| 2

72 X

1

Lo Jg [ om
f’(a)q(“)jtyztdt}q 4{/1 2
0

1
(1- S)J't 2 dt} +|:/u

0

1
ot s q
@ )|:J'tlu 2tdt:| ]
0

'(a)

when 1<|f'(a)],|f'(b)|, we get

fay«+f) 1 p

2] fifrert

Fr(by 7 0 g (ay (7 e

£
S oyl o dt}q
1
o ]

r 1

1
E I PR S A
| {yz f1(a) (o) " )J.t,uztdt}q+[,u 2| #1(a) £ (o) ftu 2’dtH

0

which completes the proof.

12
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Theorem 4. Let f:1 <R, >R, be differentiable on 1° abel, with a<b and
frelL([ab])and 0<|f'(a)l,|f'(b)<1. If |f] is s—geometrically convex and
monotonically decreasing on [a,b] for u,pem,72>0 with m+m=1 and
u2+n2=1and se(0,1], then

f f(b 1 b
I (a);_ ()_b_a_[af(x)dx

| Q)+ (A ) s s S S
{ L+ )0+ 11,) +77ng[ [2771 2 JJ nzg{ (ZUZ'ZUZM'

Proof. Since |f'| is s—geometrically convex and monotonically decreasing on
[a,b], from Lemma 1, we have
|f@+fb) 1

= ~— [, f(x)a

< bjTa| £(a) f'(b)2
(15)

< % j| 1Lta —b]‘dt 1] (ﬂb Taj dt}
0
sb—aﬁ|—t| l;tblzt dt+j|t| [blztalztjdt}
4 0
sb—l—tf (o)s) dt+tf o= a2 at |
|f/(0) (a)

When 0<|f'( ||f b)|sl, by (8), we get

f f(b 1 b
I (a); ()—b_afaf(x)dx

< %@—qh'(a)r@”f’(b)
:bjTa|f'(a) /(b)f2 @_q :iEZ;ZdHDq %2 dt],

for all t €[0,1]. Using well-known inequality mn < um““ +7n*”, on the right side of
(16), we get

5[%‘] dt +:[|t|| f '(b)r(l%t) | f'(a) {1%[] dt} (16)

13
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|f(a)+f(b)_ 1

aJ'bf(x)dx

f'(a)

(
t'(b)

st
f 2
_a)‘ "

(
t'(b)

st
0 1
dt+ [t
0

<222 (@) (o) | i

21,

dt

st
f'(a)p

2 1
e dt+ gt
0

t'(b)

1 Lfr(a)l
Hy dt"r?]z.[%

0

1 1
m dt+771.[

0

—a S 1
sT|f'(a) fr(o) | [ |-t
0

st st
_b-ay it PP s i f(a)f
- |f (a)f (b)|2 +771£| f’(b)| dt+1+2y2 +772J;| ; | dt

4 1+

b-a |’ s s '’ s s
= "|f’ f'(b)?2 — o
2 [(a) f'(b) L+M+mgz(a(2m 2771)]+1+y2+77292 “\ 22,

=221 (a) (o)

I T S R EC ]

and we get, in here, if |f'(a)|=|f'(b) =1 we get

| fl@+fb) 1 J‘b f (x)dx‘ < b_a|:(1+/uz)ﬂlz +(1+/11)/u22
|2 b—a’a 4 (14 14) (1+ 1)
which the proof is completed.

+771+’72:|

3. Applications to special means for positive numbers

Let

a+b b-a

A(a,b) = — L(a,b)zm (a#b),

bp+1_ap+1
b-a)(p+1
be the arithmetic, logarithmic, generalized logarithmic means for a,b>0
respectively.

L,(ab) = (( )Jup,a:&b,peR,pi—l,O

s—1]Y

|f'(a) a
[t'(b)]"  [o=
Proposition 1. Let 0<a<b<1, with a=b, and 0<s<1. Then, we have

In the following propositions, «(u,v) =

v '

14
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LlA@ b - L@ b°)
S

At altYz (gl altY: a2 (a2
<="%(ab)*?
4 s \? s \?
(s-2)7 ~(s-1)2
a a 2
In|— In|—
b b

where 0<|f'(a)],|f'(b)| <1.

Proof. Let f(X)ZX?,XE(O,l], 0<s<1, then |[f'(x)=x"" xe(0,1] is an s-

geometrically convex mapping. The assertion follows from Theorem 1 applied to
s—geometrically convex mapping |f'(x)|=x"*, x&(0,1].

Example 2. Let f(x):x?, xe(0,1], 0<s<1then |f'(x)=x"" xe(0,1]is an s—

geometrically convex mapping. If we apply in Theorem 1, for
s=0.5a=0.89, b=0.9, we get

1 as+bs B bs+1_as+1
s| 2 (b-a)(s+1)

=4.921067116x10°

alt vz a6z |altYs al Y3 (a6 (a2
<= %(ab)*?
4 L s 2 i s 2
a (s-1)7 a ~(s-1);
In|— In|—
b b

=2. 570313847 x10

where 0<|f’(a)|,|f'(b)|<1. And similarly, if we apply for s=0.2, a=0.15, b=0.6,
we obtain
9. 780804473x107 <0.136819309 576863680 170486
for s=0.75, a=0.45, b =0.86,
we obtain

6.115413651x107 < 0.112144032 368736206 184243
etc.

Proposition 2. Let 0<a<b<1, with a=b, and 0<s<1, and p,q>1. Then, we
have

15
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LlA@ b)) - L@ bY)
S

1

s Sas Sas ey S ) |a
< b—a1 |ab|5(s’1) (a2(1 ) )){L[az( D 2! 1>j:|“.

4(p+1)°
where 0<|f'(a)],|f'(b)| <1.
Proof. The assertion follows from Theorem 2 applied to s—geometrically convex
mapping |f’(x)|=x—, x €(0,1].

s

Proposition 3. Let 0<a<b<1, with azband0<s<1 and g=>1.Then, we have

1
b—a(lj q
<—— — X
4 \2

LlA@ b - L@ bY)
S

- 1 - -1
q q
(s-)2 (s-)3 (s-)2 ~(s-1)2 ~(s-)32 —(s-)2
T I T L I L I N T T I L 1
al* 2| |b b b ML b b
b (-3 2 a (s 2
a 2 a 2
In b In b
L ] L ]

where 0<|f(a)],|f'(b)| <1.
Proof. The assertion follows from Theorem 3 applied to s-—geometrically convex
mapping |f'(x)|=x—, x e (0,1].

s
Proposition 4. Let 0<a<b<1, 0< w1, p2,m,m2 With g+n1=1 and w»+n,=1 and
0<s<1 and g=>1. Then, we have

%|A(a5,b5)—L5(a5,bs)

by s | (i)’ + (i)
4 (L+ 2 ) (14 p1,)

where 0<|f(a)],|f'(b)| <1.
Proof. The assertion follows from Theorem 4 applied to s—geometrically convex

mapping | f'(x)| :X?S, x e (0,1].

16
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4. Conclusion

Inequalities play a significant role in the pure and applied sciences.
Inequalities are becoming more and more attractive in mathematics. Recently,
especially integral inequalities have become even more attractive through different
types of convex function classes. In this paper, we have establish some new
Hadamard-type inequalities using elementary well-known inequalities for functions
whose first derivatives absolute values are geometrically and s-geometrically
convex. And some applications to special means for positive numbers are given.
We believe that this work will give a different perspective to the scientists working
on the subject.
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PE3IOME

B HaCTOHIIIeﬁ pa60Te ABTOPblI YCTAaHABJIMBAIOT HEKOTOPLIC HOBBIC HEPABCHCTBA
THIIa A,uaMapa, HCIOJIb3Yyd JJIEMCEHTAPHBIC H3BCCTHLIC HEPABECHCTBA JIid q)yHKHI/II\/'I, 4YbU
MEPBLIC MPOU3BOJHBIC a0CONIOTHBIE 3HAYCHUS reOMETPUUCCKU U S-TCOMCTPUYCCKU
BBIIMTYKJIbIC, KOTOPBIC MMPUBCACHBI HUKC COOTBETCTBEHHO

f (x‘ y ) <[f (x)]t [f (y)]“
F(xy) <[ (0] [F(y)]"

rie f:lcR, >R,, mnms nexoropeix ¢ukcuposannbix Se(01], x,yelcR, u

te[O,l]. [IpuBomsTCS HEKOTOpPBIE NPWIOKEHHS K CICNHAIBHBIM CPEACTBaM IS

TIOJIOXKHUTEIBHBIX YUCEIT.
KioueBble ciioBa: ['eoMeTprUecKy BBIMYKIIOE, HEPABCHCTBO Ajamapa, S-reoMeTpUYecKu
BBINYKJIOE, CIIEIUAIbHBIE CPEJICTBA.
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